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Abstract
We show that the recently considered McGreevy-Swingle model for Majorana fermions in the
presence of a ’t Hooft-Polyakov magnetic monopole arises when the Jackiw-Rebbi model is con-
strained to be conjugation self dual.
1
The Dirac equation in a topological background has been studied in various dimensions,
such as the background of a kink in one spatial dimension, a vortex in two spatial dimensions,
a ’t Hooft-Polyakov magnetic monopole and a dyon in three dimensions [1][2], and there exist
normalizable Dirac zero modes in all cases. The zero modes of Majorana fermions, however,
are only found in the cases of a kink in one dimension [1] and a vortex background in two
dimensions [2]. A well separated pair of Majorana zero modes can define a quibit since it is
a degenerate two-state system, whose state is stored nonlocally [3]. Due to this feature and
obeying non-Abelian statistics, Majorana zero modes caught a lot of attention in physics
because of its potential application on quantum computing [4].
Recently, McGreevy and Swingle considered a three spatial dimension model for Weyl
fermions coupled to a ’t Hooft-Polyakov monopole and a scalar field in the SU(2) adjoint
representation [5] [6]. In [5], they solved the zero mode Dirac equation explicitly and found
the exact solutions for the Majorana zero modes. In this brief report, we show that the
Jackiw-Rebbi model with a Dirac fermion in the fundamental representation of SU(2) gauge
group, once the conjugation condition is imposed on the Dirac field, reproducs the single
Wyel fermion case of McGreevy-Swingle model. This indicates that the Majorana feature of
the model is not only shown in the zero mode, but in the whole field. However, the quantum
version of the theory is problematic because of the Witten anomaly [5][7].
Let us start from the Lagrangian density (3.1) in [1]:
L= ψ¯aiγ
µ(Dµ)abψb − gGψ¯aT
A
abψbΦ
A, (1a)
(Dµ)ab= ∂µδab − igA
A
µT
A
ab (1b)
where ψa is a four-component Dirac spinor and a two-component SU(2) isospinor, A
A
µ is
the vector potential, TA is the SU(2) generator, gµν = diag(+1,−1,−1,−1) and G is a
positive dimensionless coupling constant. Here (a, b) are isospin indices while spin indices
are suppressed. (We work in the chiral representation for the gamma matrices and the
fundamental representation for the SU(2) matrices. Thus we use gamma matrix conventions
of [5] rather than [1].)
2
γµ=

 0 σµ
σ¯µ 0

 , (1c)
TA=
τA
2
, A = 1, 2, 3 (1d)
Here σµ = (1, ~σ) and σ¯µ = (1,−~σ).
From (1a) we can derive the Dirac equation
(
iγµ(∂µδab − i
g
2
AAµ τ
A
ab)−
gG
2
τAabΦ
A
)
ψb = 0 (2)
or equivalently
Habψb ≡
[
~α · ~pδab +
g
2
~α · ~AAτAab +
g G
2
βτAabΦ
A
]
ψb = i∂tψa = Eψa, (3a)
~p = −i~∇, (3b)
~α = γ0~γ =

 −~σ 0
0 ~σ

 , β = γ0 =

 0 1
1 0

 . (3c)
The conjugated field
ψca ≡

 0 iσ2
iσ2 0

 iτ 2abψ∗b ≡ Cabψ∗b (4)
satisfies the equation
Habψ
c
b = −Eψ
c
a (5)
owing to
(CHC−1)ab = −(H
∗)ab. (6)
Now we impose the conjugation constraint on the Dirac spinor Ψa =

 ξa
ηa

,
Ψca= Ψa, (7a)
ξa = iσ
2iτ 2abη
∗
b , ηa = iσ
2iτ 2abξ
∗
b . (7b)
3
Replacing the unconstrained Dirac spinor ψa by the constrained Ψa we can rewrite (1a)
in terms of the two component field ξa:
L= Ψ†a

 iσ¯µ
(
∂µδab −
ig
2
AAµ τ
A
ab
)
−
gG
2
ΦAτAab
−
gG
2
ΦAτAab iσ
µ
(
∂µδab −
ig
2
AAµ τ
A
ab
)

Ψb (8)
= 2ξ†aiσ¯
µ
(
∂µδab −
ig
2
AAµ τ
A
ab
)
ξb −
gG
2
ξTa (iτ
2τA)abΦ
Aiσ2ξb −
gG
2
ξ†a(iτ
Aτ 2)abΦ
Aiσ2ξ∗b
(9)
This is Equation (2.1) in [5]. The single zero mode ψ0a is present both in the unconstrained
JR model and the constrained McGS model since its mode function satisfies ψ0a = Cabψ
0∗
b .
A similar story has been told in two spatial dimensions: an unconstrained Dirac equation
with conjugation properties like (4) and (5) describes graphene; when a conjugation con-
straint is imposed, the equation reduces to two components and describes Majorana fermions
[8].
We have shown that the McGS model emerges when the energy reflection conjugation is
imposed on JR model with a Dirac fermion in SU(2) fundamental representation. Here we
also note that the Majorana fermion in SU(2) adjoint representation in JR model cannot
be achieved since it seems to be no way to impose the conjugation constraint in isovector
fermion case 1.
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